The uniform asymptotic approximation method provides a powerful, systematically-improved, and error-controlled approach to construct accurate analytical approximate solutions of mode functions of perturbations of the Friedmann-Robertson-Walker universe, designed especially for the cases where the relativistic linear dispersion relation is modified after gravitational quantum effects are taken into account. These include models from string/M-Theory, loop quantum cosmology and Hořava-Lifshitz quantum gravity. In this paper, we extend our previous studies of the first-order approximations to high orders for the cases where the modified dispersion relation (linear or nonlinear) has only one-turning point (or zero). We obtain the general expressions for the power spectra and spectral indices of both scalar and tensor perturbations up to the third-order, at which the error bounds are 0.15%. As an application of these formulas, we calculate the power spectra and spectral indices in the slow-roll inflation with a nonlinear power-law dispersion relation. To check the consistency of our formulas, we further restrict ourselves to the relativistic case, and calculate the corresponding power spectra, spectral indices and runnings to the second-order. Then, we compare our results with the ones obtained by the Green function method, and show explicitly that the results obtained by these two different methods are consistent within the allowed errors.
I. INTRODUCTION
The cosmological inflation not only solves most problems of the standard big bang cosmology, but also provides the simplest and most elegant mechanism to produce the primordial density perturbations and primordial gravitational waves (PGWs) [1, 2] . The former grows to produce the observed large-scale structure of the universe, and meanwhile creates the cosmic microwave background (CMB) temperature anisotropy, which was already detected by various CMB observations [3] [4] [5] and galaxy surveys [6] . PGWs, on the other hand, produce not only a temperature anisotropy, but also a distinguishable signature in CMB polarization -the B mode polarization, which has been observed recently by the ground based BICEP2 experiment [7] . These observations have unprecedented precisions in the measurement of the power spectra and spectral indices, and together with the forthcoming ones, provide unique opportunities for us to get deep insight on the physics of the very early universe. More important, they could provide an unique window to explore gravitational quantum effects, which otherwise cannot be studied in the near future by any man-made lab experiments.
On the other hand, as is well known, the inflation- * The corresponding author ary scenario is conceptually incomplete in serval respects [8, 9] . For example, in most of the inflation models, the energy scale of quantum fluctuations, which relate to the present observations, were not far from the Planck scale at the beginning of inflation. Thus, questions immediately arise as to whether the usual predictions of the scenario in the framework of semi-classical approximations still remain robust due to the ignorance of gravitational quantum physics at such high energy and, more interestingly, whether they could leave imprints for future observations. Further problems of inflationary scenario include the existence of the initial singularities [10] , and the particular initial conditions [11] . Yet, a large tensorto-scalar ratio r ∼ 0.16, measured recently by BICEP2 [7] , leads to the so-called Planckian excursion of the inflaton field, which makes the effective theory of inflation questionable [12] .
All the problems mentioned above are closely related to the high energy physics that the usual classical general relativity (GR) and effective field theory of inflation are known to break down. It is widely expected that new physics in this regime -quantum theory of gravity, will provide a complete description of the early universe. Although such a theory has not been properly formulated, gravitational quantum effects on inflation have already been studied extensively by various approaches. See, for example, [8, 9, [11] [12] [13] [14] [15] , and references therein. In most of these considerations, both the scalar and tensor perturbations produced during the inflationary epoch are governed by the equation
µ k (η) = 0, (1.1) where µ k (η) denotes the mode function, a prime the differentiation with respect to the conformal time η. k is the comoving wavenumber, and z(η) depends on the background and the types of perturbations (scalar and tensor). The modified dispersion relation ω 2 k (η) depends on both the specified quantum gravity models and scenarios of inflation. For example, in the Hořava-Lifshitz quantum gravity [16] , ω 2 k (η) takes the form [17] 2) where M * is the relevant energy scale of the transPlanckian physics, a = a(η) is the scalar factor of the background universe,b 1 andb 2 are dimensionless constants. Whenb 1 = 0 =b 2 , it reduces to that of GR,
( 1.3)
The dispersion relation is also modified in models of string/M-theory. For example, in the DBI inflation [18] it takes the form 4) where c s (η) is the effective sound speed. Interestingly, c 2 s (η) could be very close to zero in the far UV regime [19, 20] .
In the framework of loop quantum cosmology, ω 2 k (η) is also modified. For example, with the holonomy corrections [21, 22] 5) where ρ(η) denotes the energy density of the universe, and ρ c the critical energy density at which a big bounce occurs, whereby the classical initial singularity of the universe is removed. On the other hand, the inverse-volume corrections [22, 23] lead to
whereα 0 , ν 0 , and σ encode the specific features of the model. In addition to the above mentioned models, mode functions with other modified dispersion relations have also been studied phenomenologically to mimic quantum gravitational effects in the very early universe [24, 25] .
To study these quantum effects, a critical step is to solve Eq.(1.1) analytically for the mode function µ k (η), and then extract information from it, including the power spectra, spectral indices and runnings. Such studies are very challenging, as the problem becomes mathematically very much involved, and meanwhile the treatment needs to be very accurate, in order to match with the observational data of current and forthcoming experiments. Currently, in most of the analytical treatments of the mode functions with modified dispersion relations the corresponding errors are unknown, and frequently are by far beyond the required accuracy by observations. This yields a big gap between the treatments of these rich phenomenological models of the very early universe and the high precision observational data.
The attempt to close this gap was initiated by Habib et al [26] , in which the uniform asymptotic approximation was first introduced to inflationary cosmology. However, they considered only the relativistic case, in which the dispersion relation is the standard linear one given by Eq. (1.3) . In addition, the mode function was constructed only to the first-order approximation, for which the error bounds in general are 15%
1 . Clearly, this is not accurate enough to match with the accuracy of the observational data. Moreover, their results cannot be applied to the cases with nonlinear dispersion relations, mentioned above.
In order to account for the quantum effects, recently we generalized the uniform asymptotic approximation method of Habib et al [26, 27] to the cases with nonlinear dispersion relations, where multiple and high-order turning points are allowed [28] . From such obtained approximate solutions of the mode functions, we calculated the power spectra and the corresponding spectral indices of scalar and tensor perturbations to the first-order approximation. However, as pointed out above, in general the error bounds are only 15%, although in some cases further improvement can be done, as in the relativistic case [27] .
To match with the accuracy of the current and forthcoming observations, we need at least to consider the slow-roll approximation to the second-order, which requires considerations of the high-order approximations even in the framework of the uniform asymptotic approximations. This is precisely what we are going to do in this paper. In particular, by working out explicitly the highorder uniform asymptotic approximations, we obtain the accurate analytical solutions of the mode function at an arbitrary high-order for the case where only one single turning point exists. We construct explicitly the error bounds associated with the approximations order by order. With the accurate analytical solutions of the mode functions, we obtain the general expressions of the power spectra and spectral indices up to the third-order.
As an application of the developed formulas, we calculate explicitly the power spectra and spectral indices of scalar and tensor perturbations with the modified dispersion relation given by Eq.(1.2) in the slow-roll inflation approximation. To test the consistency of our formulas, we further restrict ourselves to the relativistic case (b 1 =b 2 = 0), in which the power spectra, spectral indices, and the corresponding runnings of spectral indices have been calculated to the second-order by using the Green function method [31, 32] 2 . We compare the results obtained by these two different methods, and show that they are essentially the same within the allowed errors. In this case, we also compare our results order by order with the numerical (exact) results for the evolution of the mode functions, and the results are illustrated in Fig.1 , from which one can see that our analytical results to the second-and third-order approximations are extremely closed to the exact results.
Specifically, the paper is organized as follows. In Sec. II, we present a brief review of the uniform asymptotic approximation method. In the case where there is only one turning point, the mode function is expanded in terms of 1/λ to an arbitrarily high order, in which the error bounds are given in each of the orders. In Sec. III we obtain the general expressions of the power spectra and spectral indices to the third-order from the analytical approximate mode function given in Sec. II, after first matching it with the initial conditions. In Sec. IV, we apply the general expressions obtained in Sec. III to the inflationary model with the nonlinear power-law dispersion relation (1.2) , and calculate the power spectra, and spectral indices in the slow-roll inflation. In Sec. V, we consider the GR limit of the power spectra and spectral indices, and also calculate the runnings of the spectral indices and the tensor-to-scalar ratio. Furthermore, we compare the power spectra and spectral indices with those obtained by the Green function method, and show that the two sets of expressions are essentially identical within the allowed errors. Our main conclusions are summarized in Sec. VI. Four appendices, A-D, are also included, in which various detailed mathematical calculations are presented.
II. THE UNIFORM ASYMPTOTIC APPROXIMATIONS
In this section, we present a brief introduction to the uniform asymptotic approximation method for the cases 2 To the second-order, the power spectra and spectral indices in GR were also obtained by the improved WKB method [33] . In addition, K-inflationary power spectra at the second-order of the slow-roll parameters were calculated by using the first-order approximations of the uniform asymptotic approximation method [19, 20] .
where the dispersion relation has only a single turning point. Following refs. [26, [28] [29] [30] , by introducing a dimensionless variable y = −kη, let us first write the equation of the mode function in the form
In the above the parameter λ is used to trace the order of the uniform approximations, and λ 2ĝ (y) = g(y). Usually λ is supposed to be large, and it also can be absorbed into g(y) thus when we turn to determine the final results, we can set λ = 1 for the sake of simplification. From Eq.(1.1) we find that
In most of the cases,ĝ(y) and q(y) have two poles (singularities): one is at y = 0 + and the other is at y = +∞. As we discussed in [28] (see also [26, 30] ), if these two poles are both second-order or higher, one has to choose 3) for the convergence of the error control functions. In this paper we shall restrict our discussions to this choice. In addition, the functionĝ(y) can vanish at various points, which are called turning points or zeros, and the approximate solution of the mode function µ k (y) depends on the behavior ofĝ(y) and q(y) near the turning points.
To proceed further, let us first introduce the Liouville transformations with two new variables U (ξ) and ξ via the relations, 4) where χ ≡ ξ 2 , ξ = dξ/dy, and
Note that χ must be regular and not vanish in the intervals of interest. Consequently, f (ξ) must be chosen so that f (1) (ξ) has zeros and singularities of the same type as that of g(y). As shown below, such requirement plays an essential role in determining the approximate solutions. In terms of U and ξ, Eq.(2.1) takes the form 6) where
and the signs "±" correspond to g(y) > 0 and g(y) < 0, respectively. Considering ψ(ξ) = 0 as the first-order approximation, one can choose f (1) (ξ) so that the first-order approximation can be as close to the exact solution as possible with the guidelines of the error functions constructed below, and then solve it in terms of known functions. Clearly, such a choice sensitively depends on the behavior of the functions g(y) and q(y) near the poles and turning points.
In this paper, we consider only the case in whichĝ(y) has only one single turning pointȳ 0 (forĝ(y) having several different turning points or one multiple-turning point, see [28] ), i.e.,ĝ(ȳ 0 ) = 0. In this case we can choose 8) here ξ = ξ(y) is a monotone decreasing function, and ± correspond toĝ(y) ≥ 0 andĝ(y) ≤ 0, respectively. Following Olver [30] , the general solution of Eq.(2.6) can be written as 9) where Ai(x) and Bi(x) represent the Airy functions, are errors of the approximate solution, and 10) where ± correspond to ξ ≥ 0 and ξ ≤ 0, respectively. The error bounds of can be expressed 11) where the definitions of M (x), N (x), κ 0 , and V a,b (x) can be found in [28] .
Having obtained the approximate solution of the mode function µ k (y), let us compare it with the numerical solution order by order. For the sake of simplification, we consider a linear dispersion relation ω 2 k (η) = k 2 and a de-Sitter background, i.e, ν = 3/2. In the top panel of Fig.1 , we present the numerical (exact) solution, the approximate solution of the first-, second-, and thirdorderapproximations, respectively. From this figure one can see clearly that our analytical solutions to the secondand third-order approximations are extremely closed to the exact ones. In practice, our analytical solution of the third-order approximation is not distinguishable to the numerical one. In the low panel of Fig.1 , we also display the relative error (%) of the three approximate solutions, in comparing them with the exact solution.
III. POWER SPECTRA AND SPECTRAL INDICES UP TO THE THIRD-ORDER
With the approximate solution given in the last section, now let us begin to calculate the power spectra and spectral indices from the approximate solution. We assume that the universe was initially at the adiabatic vacuum, 1) and one needs to match this initial state with the approximate solution (2.9) . However, the approximate solution (2.9) involves many high-order terms, which are complicated and not easy to handle. In order to simplify them, we first study their behavior in the limit y → +∞. Let us start with the B 0 (ξ) term in Eq.(2.10), which satisfies
where
is the associated error control function of the approximate solution (2.9), and in the above we have used A 0 (ξ) = 1. The error control function H (ξ) is well behaved around the turning point y 0 and converges when y → +∞. As a result, we have
Then, let us turn to A 1 , which is (3.4) In the limit y → +∞, B 0 (ξ) vanishes, and we find
Note that in the above we have used the formula
Thus, up to the third-order, we have
Thus, using the asymptotic form of Airy functions in the limit ξ → −∞, and comparing the solution µ k (y) with the initial state, we obtain
where we have (3.9) here θ is an irrelevant phase factor, and without loss of generality, we can set θ = 0. Thus, we finally get
After determining the coefficients α 0 and β 0 , we can calculate the power spectra of the perturbations. As y → 0, only the growing mode is relevant, thus we have
In order to calculate the power spectra to higher order, let us first consider the B 0 (ξ) term, which satisfies
In the above we had used the relation ξ 1/2 dξ = − √ĝ dy. Knowing the B 0 term, we can get the A 1 term, which is
Thus up to the third order and considering the asymptotic forms of the Airy functions in the limit ξ → +∞, we find
Then, the power spectra can be calculated, and is given by
It should be noted that the general expressions of the power spectra have been obtained in [26] up to the second-order, while in the above expressions the last term in the square brackets represents the third-order approximation.
From the power spectra presented above, one can get the general expression of the spectral indices, which now is given by 16) and the last term in the above expression represents the second-and third-order approximations. It should be noted that the above results represent the most general expressions of the power spectra and spectral indices of perturbations for the case that has only one-turning point. In the following we shall apply these expressions to some particular backgrounds and dispersion relations, and calculate the power spectra and spectral indices.
IV. POWER SPECTRA AND SPECTRAL INDICES WITH NONLINEAR POWER-LAW DISPERSION RELATION IN THE SLOW ROLL INFLATION
In this section, as an application of the general results obtained in the last section, let us consider a specific case where the conventional linear dispersion relation is replaced by the nonlinear one given in Eq. (1.2) . For simplification, in this section and hereafter we set λ = 1 and thus we haveĝ(y) = g(y). In order to get a healthy ultraviolet limit one requiresb 2 > 0. It is convenient to write the nonlinear dispersion relation as
where * ≡ H/M * with H representing the Hubble parameter, which is slowly varying during inflation, and
Then, it is easy to find that
where we had used the relation
Now, let us determine explicitly the power spectra from Eq. (3.15) . We first need to consider the integral of g(y). However, with the form (4.2), the explicit form of the integral usually cannot be worked out explicitly. Thus, we adopt the expansion given in [28] ,
Note that to derive the above we had assumed that * is small. It should be noted that unlike in [28] where we had treated all the parameters as constant in the firstorder slow roll approximation, here in order to go beyond the first-order, we have to treat all the parameters y 0 , * , b 1 , and b 2 as time-dependent. Even with the above expansion, the integral still cannot be done explicitly, if the explicit form of y 0 (η), b 1 (η), b 2 (η), and * (η) are not known. As discussed in [26, 27] , the integrand in (3.15) has a squareroot singularity at the turning point, i.e., at the upper integral limit. At the lower limit where y goes to zero, the integrand vanishes linearly. Thus one expects the main contribution to the integral to arise from the upper limit. With this in mind, one can expand all the slowly varying quantities, for example y 0 (η), around the turning point y(η 0 ) = y 0 (η 0 ) as 5) whereȳ 0 = −kη 0 represents the turning point, and in the above we only expanded y 0 (η) to the second-order.
With this kind of expansions we can specify all of the quantities y 0 (η), b 1 (η), b 2 (η), * (η), and then calculate the power spectra, spectral indices, and runnings of the indices to the desired accuracy. However, if one considers the slow roll inflation, as pointed out in [27] , the above expansions and the slow roll expansion are not independent. On the other hand, by using the slow roll expansion given in Appendix A, one can see that the higher derivative terms which have been ignored in (4.5) also contain second-order terms in the slow roll approximation. This means that the final results shall loose some accuracy at the second-order slow roll approximation. Here we should point out that the above analysis is only valid if one makes use of the slow roll approximation. An alternative expansion of the above quantities was used in [19, 20] , in which y 0 (η) is given by
From the slow roll expansion of high-order derivatives in y 0 (η), one can see that
here represents the first-order slow-roll quantities. Thus, if one only considers the power spectra up to the second-order, the higher terms beyond the second-order in terms of the slow roll parameters can be safely ignored. With this kind of expansions, we can obtain the explicit expressions of g(y), the integral of g(y), and also the error control function H (+∞). We present these results in appendices A and B. In Appendices C and D, we present all the slow roll expansions of ν(η), y 0 (η), H(η), b 1 (η), etc. In the following we shall use these results to calculate the power spectra and spectral indices of both scalar and tensor perturbations.
First, let us consider the scalar perturbations, for which we have The corresponding scalar spectral index can be calculated from Eq.(3.16), which is given by The corresponding tensor spectral index reads
4 * (3120 ln 2 − 589)b It should be noted that all the above expressions are evaluated at the turning point y =ȳ 0 .
V. POWER SPECTRA, SPECTRAL INDICES, AND RUNNING OF INDICES WITH THE LINEAR DISPERSION RELATION IN THE SLOW ROLL INFLATION
The results given in the last section can be easily reduced to the case for a linear dispersion relation ω k (η) = k 2 by settingb 1 = 0 =b 2 . In the following we present the expressions of the power spectra, spectral indices, and runnings of the indices for both scalar and tensor perturbations.
A. Scalar Perturbations
For the scalar power spectrum, we get ( 5.4) Then, the tensor spectral index n T can be expressed as In the last subsection, we have obtained the expressions for power spectra, spectral indices, and running of spectral indices for both scalar and tensor perturbations. It should be noted that all these expressions were evaluated at the turning pointȳ 0 , i.e., η = η 0 . However, in the usual treatments, all expressions were expanded at the horizon crossing a(η )H(η ) = k. In order to compare our results with the ones obtained by other methods [31] [32] [33] , we need to rewrite our expressions in terms of the quantities evaluated at horizon crossing η . This can be achieved by using the following expansion
where for scalar perturbations, one can expand ln 8) and for tensor perturbations, we find In the following we shall use the above expansions to translate all the results into the expressions evaluated at the horizon crossing.
Scalar spectrum and spectral index
By making use of the above expansions, the power spectrum for scalar perturbations can be cast in the form One can compare the above expression with the one obtained by using the Green function method [31] , 11) where α = 2 − 2 ln 2 − γ with the Euler constant γ 0.577216. In Table I , we compare the amplitude and the numerical coefficients of the above two expressions for the scalar spectrum, from which one can see that they are extremely close to each other, and essentially the same within the errors allowed. Now we turn to the scalar spectral index n s , which can be rewritten as In Table II , we compare numerical coefficients for the first-order and second order terms in the scalar spectral index, with the results obtained by using the Green function method [31] . From the table one can see that both results are essentially identically within the errors allowed. (5.13) and the expression from the Green function method [32] is (5.14) In Table III , we compare the amplitude and the numerical coefficients of the above two expressions for the tensor spectrum, and find that the two results are essentially the same. Now we turn to consider the spectral index, which can be written as In Table IV , we compare the numerical coefficients for the first-order and second-order terms in the tensor spectral index, with the results obtained by using the Green function method [32] . With the scalar spectrum and tensor spectrum given in the above, we find that the tensor-to-scalar ratio is expressed as Finally, we note that, although we only compared our results with those obtained by the Green function method [31, 32] , our results are also comparable with results obtained by the WKB approximation method [33] . In fact, in Ref. [20] , the authors checked various versions of the power spectra, including those obtained by the first-order uniform approximation, Green function method, and also improved-WKB method, and found that they are all essentially the same.
VI. CONCLUSIONS
In this paper, by using the uniform asymptotic approximation method, we have calculated the power spectra and spectral indices of both scalar and tensor perturbations. We have implemented the high-order uniform approximations and presented the general expressions of both power spectra and spectral indices up to the thirdorder in the uniform approximations. To see the quantum gravitational effects, we have studied the nonlinear power-law dispersion relation and calculated explicitly the power spectra and spectral indices of scalar and tensor perturbations in the slow-roll inflation. Furthermore, we have also considered the GR limit of the power spectra and spectral indices, and calculate the corresponding runnings of the spectral indices. From these results one can see that the uniform approximation method presents a powerful approach to calculate the inflationary power spectra and spectral indices.
The precision of our results can be shown by two approaches. First, restricting ourselves to the relativistic case, we have compared our expressions of power spectra and spectral indices of scalar and tensor perturbations with those obtained previously by the Green function method. From Tables I-IV, one can see that the results of the two methods are extremely close to each other. In fact, they are the same within the errors allowed. Second, in Fig.1 we present our analytical solution of the mode function to the first-, second-, and third-order approximations, respectively, and then compare them with the numerical (exact) evolution of the mode function. From there one can see clearly that our analytical solution up to the second-order approximation is already extremely closed to the numerical one. In the general case, the rigorous approach to determine the precision of our results is to analyze the error bounds presented in (2.11) . How-ever, as the values of all the parameters usually are not known, it is very difficult to get exact numerical values about the errors. But, as all the relevant parameters, like , * , etc, are small quantities, it is effective and useful to use the error bounds for ν s,t = 3/2 and * = 0, which have been discussed rigorously in [26, 27] . The real error bounds should be not far from it. In table V, we present the expected errors of the power spectra in our uniform approximations. The uniform asymptotic approximation method presented in this paper has at least two major advantages over other methods proposed so far in the literature. First, the error bounds are explicitly constructed order by order, so that at each order the errors are well under our control. This is in contrast to all the other methods proposed so far in which the errors are not known. However, knowing the errors at each order is essential for the further improvement of the accuracy of the calculations of the mode function, power spectra, spectral indices and runnings. Second, such an approximation can be easily extended to more interesting cases including cases with milt-turning and/or high-order turning points, which usually arise when the gravitational quantum effects are taken into account, as shown in the Introduction.
In review of all the above, one can see clearly that the uniform asymptotic approximation method indeed provides a powerful tool to address various questions in inflationary models about the gravitational quantum effects in the framework of string/M theory, loop quantum gravity, Horava-Lifshitz gravity, and so on. It would be extremely important to find some observational signatures of the gravitational quantum effects for the forthcoming observations.
Finally, it should be noted that in this paper we have only considered the cases with one single-turning point. It is very interesting to study the quantum effects in the cases with several different turning points or one multiple-turning point [34] . Meantime, as our results are very general, it would be very interesting to apply them to other cosmological models. In order to work out the integral of g(y), we also need to specify all the expressions of y 0 (η), b 1 (η), b 2 (η), * (η), etc. As we have explained in Sec. III, these quantities can be expanded as follows where a prime denotes the derivative with respect to ln(−η). With the above expansions, g(y) can be divided into three parts, corresponding to the above three expanding orders. More specifically, we have g(y) J 0 (y) + J 1 (y) + J 2 (y), (A.3) where J 0 (y), J 1 (y), and J 2 (y) correspond to the contributions from the zeroth, first, and second-order of the above expansion. Introducing a new variable x ≡ y/ȳ 0 , we have In the above, quantities with bars denote the ones evaluated at the turning pointȳ 0 , and H 1 , H 2 , and H 3 are defined in Appendix C.
Correspondingly, the integral of g(y) can also be divided into three parts 8) and in the limit y → 0, we find In order to get the explicit expression of H (ξ), we still use the expansions of (A.1) and (A.2). Thus, similar to the expansion of g(y), we can divide the error control function into three parts, 2) where H 0 (ξ), H 1 (ξ), and H 2 (ξ) correspond to the zeroth, first, and second order expansion of (A.2), respec- 
